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W e examine in general whether the results valid for an incompressible, non-adiabatic system 
can be deduced from the results valid for an adiabatic (or a more general) system. A simple rule 
will be established by which an energy principle for incompressible, non-adiabatic perturbations is 
obtained from the energy principle for adiabatic perturbations. Application yields in particular the 
energy principles for magnetodynamic, respectively gravitational, respectively gravitational and 
magnetodynamic stability for incompressible, non-adiabatic perturbations which are the analogues 
of the energy principles of Bernstein et al., respectively Chandrasekhar, respectively Krüger and 
Callebaut for adiabatic perturbations. 

It is proved that an equilibrium state is more stable or at least equally stable for incompressible, 
non-adiabatic perturbations than for adiabatic ones. The conditions under which the adiabatic re-
gime and the incompressible one are both stable or both unstable are studied. 

More detailed comparison theorems are enunciated for the case of magnetodynamic stability and 
all cases where the energy integral for y — 0 is independent of £|| the component of % parallel to B. 
If div ^ can be chosen arbitrarily when \ j is given then the adiabatic and the incompressible re-
gimes are both stable or both unstable. A detailed examination whether div ^ can be chosen arbi-
trarily or not due to the presence of closed field lines leads to a classification of the perturbations 
in two cases. W e compare the stability between these two cases for the adiabatic regime and for 
the incompressible one and for each case, the stability between both regimes. A similar analysis is 
given for restrictive conditions on div ^ due to the presence of closed pressure shells. In general 
only one case of the complete classification has to be considered to decide on the stability. More-
over the adiabatic and incompressible regimes are both stable or both unstable for most infinitely 
long tubes. The whole treatment is illustrated by the example of the linear pinch. 

The macroscopic description of a multiparticle 
system is usually based on the conservation of mass, 
momentum, energy, magnetic flux and entropy1 

(adiabatic system). For an incompressible fluid, the 
conservation of entropy is replaced by the conser-
vation of mass density (incompressible, non-adia-
batic system). Either one of the descriptions may 
be used according to the chosen model of the physi-
cal situation. The adiabatic regime (A) is some-
times replaced by the incompressible one (regime I) 
for reasons of mathematical simplicity. It is of in-
terest to know the relations between both descrip-
tions and their stability. 

It is well-known that an energy principle can be 
developed for regime A. Whether this is possible 
for the regime I and whether the energy principle 
for regime I follows from the one for A is not a 
matter of course and will be examined carefully. 
The analysis leads to a comparative study between 
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adiabatic and incompressible, non-adiabatic pertur-
bations, with emphasis on their stability properties. 

The paper is arranged as follows. In section 1 we 
examine in a general way whether the results valid 
for an incompressible, non-adiabatic system can be 
deduced from the results valid for an adiabatic (or 
a more general) system. In section 2, it is proved 
that an energy principle for incompressible, non-
adiabatic perturbations can be obtained from an en-
ergy principle for adiabatic perturbations in a sim-
ple way (theorem 1) . Application yields in particu-
lar the energy principles for magnetodynamic, re-
spectively gravitational, respectively gravitational 
and magnetodynamic stability for incompressible, 
non-adiabatic perturbations which are the analogues 
of the energy principles of BERNSTEIN et al. 2 , re-
spectively CHANDRASEKHAR 3 , respectively KRÜ-
G E R 4 - 5 a n d C A L L E B A U T 5 a n d K O V E T Z 6 . I n s e c -

tion 3 we compare the stability properties of an 
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equilibrium state, now governed by incompressible, 
non-adiabatic perturbations, now by adiabatic ones. 
It is proved that an equilibrium state is more stable 
or at least equally stable for incompressible, non-
adiabatic perturbations than for adiabatic ones 
(theorem 2 ) . Conditions under which the regimes A 
and I are both stable or both unstable are studied 
(theorem 3 ) . 

Section 4 deals in more detail with specific energy 
integrals, in particular the energy integral for mag-
netodynamic stability and more generally any en-
ergy integral which for y = 0 is independent of , 
the component of ^ parallel to B. According to the-
orem 3, if div ^ can be chosen arbitrarily when 
is given, then the adiabatic and the incompressible 
regimes are both stable or both unstable. In sec-
tion 4.1 we investigate in detail for the adiabatic 
regime, whether div \ can be chosen arbitrarily or 
not according to the constraint ( s ) t u b e = 0 due to the 
presence of closed field lines. Here s = div^— divJ^ 
and ( s ) t u b e indicates the mean value of 5 over a 
closed flux tube. This leads to a classification of the 
perturbations in two cases, each corresponding to 
an energy integral with a different structure. If the 
parameters characterizing each case are infinitely 
close to each other there appears a discontinuity 
between the energy integrals, leading to comparison 
theorems for the adiabatic regime. The same sta-
bility analysis is done for the discontinuity between 
the energy integrals of the incompressible regime. 
Finally we compare, for each of the two cases, the 
stability between both regimes (theorem 4 ) . 

In section 4.2 the perturbations are further clas-
sified and compared according to the constraint 
{•s)sheil = 0, due to the presence of closed pressure 
shells, (s ) shell indicates now the mean value of s 
over a closed pressure shell. 

In section 4.3 we illustrate the existence of the 
different energy integrals, the related discontinuities 
and the related stability properties by the example 
of the linear pinch (theorem 5 ) . 

1. Comparison of Adiabatic and Incompressible 
Formalisms 

The utmost amount of information which can be 
deduced from a statistical theory without defining 
the form of the velocity distribution is to be found 
in the zeroth, the first and the second moment equa-
tions, these being respectively the equation of con-

tinuity (1 ) , the equation of motion ( 2 ) , and the 
equation of state (3) : 

f t + Q div V = 0 , (1) 

+ gradp-Qf = 0, (2) 

^ +yp divV + ( y - 1) div q = 0 . (3) 

Q stands for the mass density, V for the macroscopic 
velocity, f for the force per unit of mass, p for the 
pressure (the pressure tensor is supposed to be iso-
tropic) , q for the thermal flux vector and y for the 
ratio of specific heats. Field equations (e. g. the 
Maxwell equations and/or gravitational equations) 
which we will call Eq. (4 ) , are added to the Eqs. 
(1) — (3 ) . To keep the discussion as general as pos-
sible, the fields on which the force depend are not 
explicitly given but they are supposed to be indepen-
dent of q. 

The system (1) — (4) is not a closed system. To 
make it closed, an additional supposition must be 
introduced. For this fifth equation we take 

where J1 is a prescribed function. Eq. (5) combined 
with Eqs. (1) and (3) leads to 

(y-1) divq + piy-T) diw = 0 (6) 

which shows that Eq. (5) is the most general equa-
tion closing the system, provided that -T is an arbi-
trary function. Indeed, since the heat flow appears 
only in div q in the Eqs. (1) — (4 ) , it suffices to 
express div q in the other variables in order to make 
the system closed. 

Putting r = y (constant) yields the conservation 
of entropy density 

i<pe~')= o (7) 

and Eq. (6) leads to the adiabatic law 

div q = 0 . (8) 

Putting r = oo (or letting T—oo from any parti-
cular law) and assuming dp/dt to be finite, yields 
the conservation of mass density (incompressibility) 

do/dt = 0 (9) 

and Eq. (6) yields 

div t; = 0 . (10) 



Other prescriptions for T (e. g. JT = constant and 
r = y + po/p) may reveal physical interesting sys-
tems which are non-adiabatic and compressible [see 
Eq. (6) ] . A large class of these is given by the cases 
where p is a function of Q only: p = f(g). We have 
then r = f (q) q/p . 

For every prescribed function T , the Eqs. (1 ) , 
( 2 ) , ( 4 ) , (5) form a closed subsystem of equations, 
which determines completely the dynamics. Putting 
r = y in the equations of the closed subsystem, we 
obtain the closed subsystem for the adiabatic re-
gime, while R —oo gives the one for the incom-
pressible regime. The latter is also obtained by let-
ting y—> oo (formally; since y< 5/3) in the cor-
responding adiabatic subsystem. Once the subsystem 
is solved, we can determine div q from Eq. (3) 
where y now has its physical value y = cp/cv . Hence 
for formalisms based on the subsystem only, i. e. 
not explicitly based on the heat flow, we have the 
following lemma: 

LEMMA. An incompressible (non-adiabatic) for-
malism can be deduced from an adiabatic (com-
pressible) formalism by letting div V—>0 and oo 
while y div V remains finite and provided both for-
malisms are not explicitly based on the heat flow. 

By formalisms can be meant e. g. energy princi-
ples for stability problems, which will be considered 
in the following section. Note. From Eq. (6) it is 
clear that there can be a regime which is incompres-
sible and adiabatic at the same time. In this case, 
mass density and pressure are both conserved fol-
lowing the motion: 

^ = d / = 0 (11) d« df K ' 

while the solutions of the system become indepen-
dent of y. Letting j>-> oo does not alter the present 
system, as is trivial for this adiabatic and incom-
pressible regime. On the other hand, when y does 
occur in the solution of the subsystem (1 ) , (2 ) , (4) 
and ( 5 ) , we have necessarily an adiabatic, non-in-
compressible regime. Letting y^- oo, this adiabatic 
compressible regime goes over into an incompres-
sible one, which is usually non-adiabatic. The ad-
jectives "non-adiabatic" and "compressible" placed 
between brackets in the lemma and in the following 
have to be seen in the light of this note. 

2. Comparison of the Energy Principles 

In this section we consider small deviations from 
an equilibrium state and the connected energy prin-

ciples. The perturbed equations derived from (1 ) , 
( 2 ) , (3) and (5) are 

<5f} + div £> ? = 0 , (12) 

Q\ + grad<5p - f ÖQ-QÖI = 0 , (13) 

\ - V p + 7 p div^ + {y- 1) div dQ = 0 , (14) 

<V + \ - V p + ^ p d i v ^ = 0 . (15) 
The symbols Q, p, T and f refer now to their equi-
librium values. \ is the infinitesimal displacement 
vector and Q dt = dQ. To keep the discussion as 
general as possible, we do not detail the explicit 
form of the perturbed field equations. We only sup-
pose that the perturbed fields (which occur in Sf) 
can be given explicitly in terms of ? only. To ob-
tain Eq. (15) we have assumed that the equilibrium 
value of r exists. [Note that this is not necessarily 
true in all physical situations. Hence Eq. (15) is not 
completely general, in contradistinction to Eq. ( 5 ) . ] 

Eliminating SQ and dp between Eqs. (12 ) , (13) 
and (15) yields a closed system of three equations 
determining the three components of \ : 

(16) 
where 

F ( 5 ) = V ( ? - V p + ^ p d i v ^ ) 
+ d i v e S . (17) 

For the incompressible regime we have to introduce 
a fourth variable 

a = lim r P d i v ? . (18) 
r~*-oc, div 5 ->-0 

Now the equations 

Q% = V ( 5 - V p + cO + e<5f(5) - f ( 5 ) d i v ^ , 
(19) 

div ? = 0 (20) 

make just a closed system of four equations in four 
unknown variables, namely a and the three com-
ponents of 

We now proceed to the following theorem. 

THEOREM 1 : 
ENERGY PRINCIPLE FOR INCOMPRESSIBLE 

( N O N - A D I A B A T I C ) PERTURBATIONS 

a. In order to obtain the energy integral for in-
compressible (non-adiabatic) perturbations of a sta-
tic equilibrium, it is sufficient to put div 5 = 0 in the 
energy integral for adiabatic perturbations. 



b. The energy principle technique is valid for the 
incompressible (non-adiabatic) regime if only those 
functions restricted by the constraint div \ = 0 are 
admitted. 

Theorem 1 owes its simplicity to the fact that no 
supplementary terms in dQ occur in the energy in-
tegral, which might have been expected because the 
incompressible perturbations are usually non-adia-
batic [see Eq. (28) ] . 

Proof a. Consider 

dW0Z£) = -HS-F(Z) d r . (21) 

Since does not involve^ the operator F is 
self-ad joint, according to an argument due to BERN-
STEIN et al. 2 and dW represents the change in po-
tential energy. For our purpose it is sufficient to 
write down systematically only the terms which con-
tain r. Those terms enter only in <3 W by means 
of dp. Hence, in general we have 

dW = | / 5 - g r a d < S p d r + . . . (22) 
= - £ / < 5 p d i v £ d r + \ f div(<5p dr + . . . 
= | / r p ( d i v 5 ) 2 d t + i / < V S - d o t . . . . 

The surface integral over the boundary disappears 
when the fluid extends to infinity. For a finite vol-
ume (surrounded by vacuum) dp appears in (22) 
only on the surface; dp on the surface can always 
be directly expressed in terms of % and of the vacu-
um quantities by means of the boundary condition. 
As the boundary condition is inferred from the 
equation of motion (13 ) , the resulting expression 
for dp contains neither T nor y. Hence dW is a 
quadratic form in the three components 

d W & X ) = d W r = o ( S , 5 ) + i / r P ( d i v 5 ) 2 d r (23) 

where dWp = is a n expression grouping the 
terms not containing T . Since the time does not ap-
pear explicitly in F ( ^ ) , one seeks normal mode so-
lutions of the form % (V, t) = £ ( r ) ei(ot. The corre-
sponding eigenvalue equation is 

- q c o ^ = F ( 1 ) . (24) 

The Euler equation of the variational principle 

= » zlco2 = 0 (25) 

[where = if q I 2 dr so that K{tt) is the 
kinetic energy] is just the eigenvalue equation (24) . 

The energy integral for the incompressible re-
gime follows from Eq. (23) by letting r o o and 
d i v l j — r div £ remaining finite. By this pro-

cess, the second term on the right-hand side of Eq. 
(23) disappears. By merely supposing div^ = 0 this 
term disappears as well which proves theorem 1 a. 

Proof b. To prove the second part of the theorem 
we vary with the constraint div \ = 0. Using 
the Lagrange multiplier technique, we add the term 

K~xfa div ^ dr = - K~x f \ -grad a dr 
+ K-1 f an-^do (26) 

to the right-hand side of the first equation in (25 ) , 
where the multiplier a is a function of position. The 
effect of this term on the normal mode equation (24) 
is the introduction of the supplementary term grad a. 
Hence we obtain 

-CO2QZ>=F(1) + grad A ( 2 7 ) 

which together with the constraint d i v ? = 0 is just 
equivalent to the set of equations (19) — (20) for 
the incompressible regime. The Lagrange multiplier 
a plays here also the role of a fourth variable. 
Hence, the Lagrange multiplier a may be identified 
with the fourth variable defined by Eq. ( 18 ) . 

Remark. From Eq. (6) we have: 

r p ( d i v 5 ) 2 = y p ( d i v 5 ) 2 + ( 7 - 1 ) div £ div dQ 
(28) 

which shows that div dQ does not appear in <5 W, 
neither in regime A nor in regime I. For this reason 
the same expression for dW is valid in both regimes. 
As stated before, theorem 1 owes its simplicity to 
this fact. 

Application. We illustrate theorem 1 b by con-
sidering the energy principle for magnetodynamic 
systems, as exposed by CHANDRASEKHAR 7 . The en-
ergy principle for compressible, non-adiabatic and 
the one for incompressible, adiabatic regimes are 
derived by him independently from each other [his 
Eqs. (XIV, 30) and (XIV, 57) ] and it is directly 
seen that his Eq. (30) follows from his Eq. (57) 
by setting div^ = 0. 

Theorem 1 b can also be applied in a straight-
forward way e. g. to the energy principle of gravita-
tional instability3 and to the unified energy prin-
ciple for magnetodynamic and gravitational stabi-
l i t y 4 - 6 . d W i s in this general case the sum 
of four terms 5. 

dW = dWT+dWs + dWYAC + dWrG. (29) 

7 S. CHANDRASEKHAR, Hydrodynamic and Hydromagnetic 
Stability, Oxford University Press, London 1961. 



The first three terms are in complete analogy with 
the paper of BERNSTEIN et al. 2. The last term is 
due to self-gravitation. Thus, in the incompressible, 
non-adiabatic case we obtain: 

b W Y = \ / { | curl (5 x B ) | 2 - ( ? x ; ) - c u r l ( ? x B ) 
+ ( ? - g r a d o ) grad {(p + U)} dr (30) 

(cp is the potential due to self-gravitation and U is 
an external gravitational potential). The second term 
on the right-hand side of Eq. (29) is a surface in-
tegral 

bW s = I / (W* 2 [o fl-grad(9? + U) 
— (B B): V * l ] da (31) 

where ( ) indicates here the jump at the surface of 
the dyadic B B. bWylLC in Eq. (29) is the magnetic 
energy of the vacuum: 

d W y A C = i / | c u r l ÖÄ\2dx (32) 

where bA is the perturbed vector potential in the 
vacuum and related to the perturbation ? by means 
of the boundary condition 

nxbA = - (W?) B . 

Finally, the gravitational energy is: 

bWG = - f j ^ ^ ^ p ^ d r d r ' . (33) 

Alternative, useful forms of Eqs. (30) — (33) in-
cluding the terms in div ? are given in ref. 4 and 5 

(with a different sign convention). 

3. Comparison Theorems 

An equilibrium state can be considered as adia-
batic and incompressible at the same time (v = 0, 
3 /3* = 0 ) . Therefore, we can compare the stability 
of the same equilibrium state, now governed by 
adiabatic perturbations, and now by incompressible 
(non-adiabatic) ones. 

A regime A will be called less stable than a re-
gime I if and only if there exists a perturbation A 
which can grow more rapidly than any perturba-
tion I, i. e. if all the eigenvalues of I are greater 
than the lowest eigenvalue of A. The notions more 
or equally stable are defined in an analogous way. 
Note that the expression "more or less stable" can 
only be defined in a consistent way by comparing 
growth rates and cannot be based on bW alone8. 

8 J. G. KRÜGER and D. K. CALLEBAUT, Z. Naturforsch. 23 a, 
1357 [ 1 9 6 8 ] . 

T H E O R E M 2 : 

C O M P A R I S O N OF S T A B I L I T Y ( G E N E R A L ) 

An equilibrium state is more stable or at least 
equally stable for incompressible (non-adiabatic) 
perturbations than for adiabatic ones. 

Proof: According to the preceding analysis, the 
functional a>2(?,?) for regime A can be used in the 
variational principle (25) for both regimes A and I, 
now without and now with the constraint d i v ? = 0. 
The lowest eigenvalue co02 for regime A is given by 
the absolute minimum of co2 ( ? , ? ) . Any eigenvalue 
of regime I is given by a minimum value of the 
same functional a>2(?,?) with the constraint d i v ? = 0 
and is therefore necessarily greater than or equal 
t o CÜ02. 

Remarks. According to theorem 2 an incompres-
sible regime is stable if the corresponding adiabatic 
regime is stable. Theorem 2 holds in spite of the fact 
that d W ( % £ ) ^ d W r = 0 ( ? , ? ) for the s a m e ? . Noth-
ing can be said about the reverse unless some sup-
plementary suppositions are introduced regarding 
the structure of bW, or in view of Eq. (24 ) , regard-
ing the structure of bWr = o (see theorems 3 and 4 ) . 

T H E O R E M 3 : 

C O M P A R I S O N OF S T A B I L I T Y ( d i v ? A R B I T R A R Y ) 

If div ? can be chosen arbitrarily when bWp = o is 

given a fixed value, then the adiabatic and the in-
compressible (non-adiabatic) regimes are both stable 
or both unstable. 

Proof: As bWp = o has a fixed value independent 
of the choice of d iv? , bW'p = o c a n be bounded from 
below by a normalization condition which is also in-
dependent of the choice of d iv? . Since b W ^ l bWp = 0i 
this normalization is valid for both cases A and I. 
With such a bWp = o and such a normalization, the 
second term in the right-hand side of Eq. (24) can 
be minimized separately for case A. Its minimum 
value is evidently obtained by the Euler equation 

d iv? = 0 . (34) 

The minimum of bW reduces to the minimum of 
bWr = o • Taking the same normalization for case I 
as for case A, and as bW p = o is the same functional in 
both cases I and A, the minimum value of bW (?, ?) 
for regime A is the same value as for regime I. This 
means that, if bW can be made negative (respecti-
vely cannot) for case I, it can also be made negative 



(respectively cannot) for regime A, showing that the 
regimes A and I are both stable or both unstable. 

Extensions. Theorem 3 can be extended to pertur-
bations A and I which are characterized by a chosen 
set of parameters (see e. g. theorem 4 a) . Note that 
theorem 3 can also be applied if div ^ can be chosen 
arbitrarily in an interval which contains zero. 

Obviously the theorem can be extended also to 
cases where dWr = o c a n be split into a part which 
does not vary w ith div ^ and a part which has the 
form fP(div5)2dr where P ^ 0 . 

4. Magnetodynamics and all Cases ^W r = 0 

Independent of £|| 

The theorems 2 and 3 can be elaborated for the 
energy principle of Bernstein and its incompressible 
analogue, and more generally to all cases where 
bWv = 0 = dWy = o is independent of £|| , the compo-
nent of \ parallel to B. (We mention that the fol-
lowing treatment can be extended to cases where 
one of the components of \ is lacking in dWy = o •) 

By judicious integration by parts the SJFy = o ( U ) 
of Bernstein et al. can be put in the form 9 

Wy=o(5>?) = i / { | c u r l ( S i x B ) +n %±(j xn)\2 

— 2 | n* j2 j x n - (B • \/n)} dr (35) 

= component of \ perpendicular to B, TL = unit 
vector normal to the surface p = constant.) 

From Eq. (35) it is seen that (5fFj, = 0 (^ , ? ) is fixed 
by giving alone; a normalization condition in-
volving alone is sufficient to bound dWY = o from 
below. Now it is evident to take div ^ as a new vari-
able instead of . In order to make the elaboration 
of theorem 3 possible, it is necessary to know wheth-
er the new variable div % can be chosen arbitrarily 
due to the free choice of £|| . Yet owing to the exis-
tence of closed field lines e. g. this is not always the 
case. Indeed, the transformation between the old 
variable f|| and the new one, div is given by the 
relation 

div % = div + div \\\ (36) 

where d i v ^ i is supposed to be known. If £|| (and 
5 1 ) is given, div % is unambiguously determined. 
Conversely, if div % (and ^ l ) is gven, £n is de-
termined by the "magnetic differential equation" 

B-grad(f||/ß) = 5 (37) 

where s = div ^ — d i v ^ l (38) 

is known. The solution of Eq. (37) is 

h(P)=Bf (s/B) dl + h(P0) (39) 

where the integration is taken along a field line 
from an arbitrary point P0 to the point P. Two re-
strictive conditions on s will be discussed in sections 
4.1 and 4.2. 

4.1. Restrictive Condition ( s ) t u b e = 0 

Along a closed field line, the requirement that the 
continuous function £|| is single-valued yields the 
condition 

<ß s dl = 0 . (40) 

NEWCOMB 10 proved that this equation is a neces-
sary and sufficient condition in order that the mag-
netic differential equation (37) has a continuous 
and single-valued solution. Denoting by (-S )̂tube the 
average value of any quantity X over a closed flux 
tube, we have 

( $ ) tube — 

f s d r 
tube 

/ d r 
tube 

s B - 1 d / 

& B=1dl 
(41) 

Taking the average of Eq. (37) over a closed flux 
tube, we obtain condition (40) which may be writ-
ten equivalently 

<*>tube = 0. (42) 
Eq. (42) restricts, in view of Eq. (38) the free 
choice of divJ;. 

Besides configurations characterized by magnetic 
surfaces which are torusses, we also consider con-
figurations characterized by infinitely long tubes 
e. g. cylinders as in the illustration below. The in-
finitely long tube has only a physical significance 
if it is thought of as the limit of a toroidal con-
figuration with a tube length very much greater than 
its diameter. The limiting process implies that we 
have here also the condition (42) where the average 
is now taken along the whole open field line. If the 
tube and the perturbations are periodic along the 
tube axis, the average can be taken over one com-
mon period. 

Classification: ( s ) t u b e = 0 or ( s ) t u b e ^ 0. 

9 See Eq. (4.5) of the paper of BERNSTEIN et al. 2 10 W . NEWCOMB, Phys. Fluids 2, 362 [ 1 9 5 9 ] . 



Two cases may occur with respect to the condition 
{ s ) tube = 0 -

a. (3)tube = 0- The condition (s)tube = 0 is iden-
tically fulfilled with respect to the variable d i v ? 
and?j_ for certain specific perturbations. 

b. (•Otube^O. This is the negation of case a. 

The expression "identically fulfilled" has to be 
understood in a definite manner. One way to define 
it is as follows. Expand the quantity X be means 
of the orthogonal functions xpi 

X= 2XiWi (43) 
i 

where Xi are constant coefficients and where i stands 
for any number of parameters k, m,... . In this 
way, the independent functions div ? and d i v ? i are 
parametrized. Their coefficients (div?) , and (div?j_); 
have to be considered as independent. The condition 
(s)tube = 0 leads to 

2 * i { y i ) t u b e = 0 ( 4 4 ) i 

which yields a relation between all these indepen-
dent coefficients. We say that (s)tube = 0 is identi-
cally fulfilled with respect to the new variables d iv? 
and ? l if Eq. (40) is identically fulfilled with re-
spect to the independent coefficients ( d i v ? ) , and 
( d i v ? i ) j . As 

5 i = ( d i v ? ) e - ( d i v ? i ) i (45) 

this is equivalent by requiring that Eq. (40) is iden-
tically fulfilled for arbitrary s , . Hence, to say that 
(s)tube = 0 on a flux tube labeled by parameters a 
and ß requires 

( V i ) tube = 0 ( 4 6 ) 

on this flux tube. In general Eq. (46) may be satis-
fied for a set S of parameters i, a, ß. Furthermore 
we choose the functions xpi so that each of the per-
turbations ? j corresponding to a coefficient s, form 
a set of independent orthogonal functions. In this 
way each perturbation i can be considered separa-
tely. 

For the set S of parameters i, a, ß for which Eq. 
(46) is valid, ( d i v ? ) , can be chosen arbitrarily 
whatever the value of ? i may be. Hence div ? can 
be chosen arbitrarily for any ? 1 for the specific 
perturbations characterized by the set S. 

When (s) tube ^ 0, Eq. (46) is not satisfied for a 
set of parameters, i, a, ß complementary to the set S. 

Clearly {s) tube = 0 or 

< d i v ? ) t u b e = ( d i v ? l ) t u b e ( 4 7 ) 

yields then a condition between the coefficients 
( d i v ? ) j and (d iv ? j _ ) j for the parameters consider-

ed. We shall say shortly: for the specific perturba-
tions considered ( s ) tube is not identically fulfilled 
with respect to div ? and div?j_ . The condition 
( s ) t u b e = 0 does imply a restriction on the free choice 
of div ? when ? L is supposed to be known. The 
new set of variables div ? and ?j_ cannot be con-
sidered as independent variables for the set of para-
meters considered. 

Example of the Linear Pinch 

To illustrate the occurrence of the two cases a 
and b we consider the stability theory of a diffuse 
linear pinch n , based on a magnetic field 

B = [0, Bg, ( r ) , (r) ] (48) 

in cylindrical coordinates, the field components de-
pending only on the distance r to the cylinder axis. 
Each perturbed quantity X can be Fourier-analyzed 
in (p and z. It is sufficient to consider a single Fou-
rier component 

X = Xk>mexp{i(kz + m(p)} . (49) 

Along a field line, every perturbed quantity X can 
be written as 

X = Xk>m(r,ß) e x p { i [ (k Bg + m Bjr) l/B]} (50) 

where I is the length along the field line and where 
ß labels the field line on the pressure shell. 

a- tube = 0. Taking the average over one pe-
riod of the field line, the left-hand side of Eq. (50) 
yields zero for all values of sk_ m provided that 

k r B z + m B y * 0 . (51) 

The k and m values satisfying Eq. (51) characterize 
the set S of the parameters k and m for which 
( tube = 0 is identically fulfilled for arbitrary m • 
From our general considerations it follows that d iv? 
can be chosen arbitrarily due to the free choice of 
£ll . This can be seen directly from Eq. (36) which 
becomes on account of Eq. (49) a linear algebraic 
equation 

(div ? ) m = (div ? 1) a-, m 
+ (kBz + mBjr) m k , j B (52) 

11 W. NEWCOMB. Ann. Phys. New York 10, 232 [I960]. 



demonstrating that there is a one-to-one correspon-
dence between (div?)& j > n and (£||)*,m. 

D* \ 5 / t u b e ^ o. {s)tube is not identically zero for 
all Sk,m if there are k and m values related by 

krBz + mBv = 0 . (53) 

This equation defines a set of parameters k, m com-
plementary to S. Case b can only occur either when 
k = m = 0 or when the pitch / / /2 7i is constant; ju 
stands for 

ju = Bj(rBz). (54) 

For the set of parameters k and m defined by Eq. 
(53) (s}tube = 0 yields a restrictive condition on the 
new variable ( d i v ? ) 

( d i v ? ) - „ m , m - (div ? l ) - ^ m , m = 0 . (55) 

Hence div ? cannot be chosen arbitrarily. This again 
can be seen directly from Eq. (52) which allows no 
one-to-one correspondence between 
and ( ?||) - um, m • 

Minimization of the Energy Integral 

We intend to minimize ÖJV with respect to the 
new variable div ? taking a normalization condition 
not containing £|| . We shall first consider the adia-
batic regime with T = y. It is sufficient to obtain 
the minimum of the integral 

/= \ fyp(div?)2dr. (56) 

In case a, where div ? may be taken arbitrarily, the 
minimum of this integral is obviously zero (com-
pare with theorem 3) and d i v ? = 0 is the Euler 
equation. In case b, where div ? cannot be taken 
arbitrarily, we may have a minimum different from 
zero which we shall determine now. 

Following the usual Lagrange multiplier technique 
we take into account the conditions (40) on every 
closed field line by adding the following term to the 
integral (56) 

/ a[(j) Z? -1 div ?j_ dZ—(j> B _ 1 div ?dZ] dy>. (57) 

a is an arbitrary function of position which is con-
stant on the field lines ( B - g r a d a = 0 ) . The integra-
tion is carried out with respect to the flux xp. The 
expression (57) is nothing but the volume integral 

f a ( d i v ? i - d i v ? ) dr . (58) 

From Eqs. (56) and (58) the Euler equation with 
respect to div ? is 

7 p div £ - a = 0 . (59) 

For case a we can put a = 0 and recover the simple 
Euler equation d i v ? = 0. Eq. (59) shows that the 
extremizing value of div ? or dp = y p div ? is con-
stant on the field lines. This fact can be derived gen-
erally (without the use of closed field lines) by vari-
ation of the integral ] with respect to £|| . Indeed, 
transforming Eq. (56) into 

J=-ifZ-V(yp div ?) dr 
+ 2 J V p ( d i v ? ) tl - ? do (60) 

one obtains upon variation the Euler equation 

B • grad ( y p div?) = 0 (61) 

from which Eq. (59) follows immediately. From 
(s)tube = 0 the constant value of div ? on each field 
line is 

d i v ? = ( d i v § l ) t u b e . (62) 

Comparison Between Perturbations of an 
Infinitely Long Tube 

It is worthwhile to write out the Euler equation 
for the three components of ? 

grad dp ( ? ) + F i ( ? ) = 0 . (63) 

The gradient comes from the integral J, [see Eq. 
(56) ] , the second term results from the term dWy = o 
and the normalization. In case a the extremizing dp 
is zero, in case b it is a function which is constant 
on the field lines. This has interesting consequences 
for the infinitely long tube. In this case we suppose 
(as can be shown to hold for most of such configu-
rations) that there are values of the parameters be-
longing to case a which can be chosen infinitely close 
to definite values of the parameters belonging to 
case b so that the conditions characterizing the case a 
become infinitely close to the conditions characteriz-
ing case b. However, the minimizing ? a belonging 
to case a does not necessarily converge to the mini-
mizing ?b belonging to case b because ? a and ?b are 
solutions of Euler equations which have a different 
structure in each case. Hence, the minimum ÖW^ 
belonging to case a does not necessarily converge to 
the minimum SfFh belonging to case b if the values 
of the parameters belonging to case a converge to the 
values of the parameters of case b. If the limit of 
the minimum <5 exists, it will be in general differ-
ent from the minimum i n general there will be 
a discontinuity. A question which arises naturally is: 
which one of the energy integrals has the lowest 
minimum? 



The minimum SJV^ has been obtained by taking 
into account the constraint ( s ) t u b e = 0, while the li-
mit of the minimum follows from a minimization 
without constraint. As we compare these minima for 
the same values of parameters (and as the same nor-
malization is taken) we have 

lim (3r a < : 6Wh (64) 

for the parameters considered. The importance of 
this equation lies in the fact that it is only neces-
sary to look for the case a if one is only interested 
in stability analyses. 

Comparison Between Adiabatic and Incompressible 
Regimes 

Since the incompressible (non-adiabatic) regime 
can be derived from the adiabatic (compressible) one 
according to the basic lemma we can associate with 
each perturbation belonging to case a or b of the 
adiabatic regime a corresponding perturbation of 
the incompressible regime. Hence, the same division 
in two cases a and b applies to the incompressible 
regime as well. The treatment of the infinitely long 
tube can be taken over completely. The two cases a 
and b are characterized by the form of dp ( = limit 
of y p d i v ? ) which again is zero in case a and con-
stant on the field lines in case b. Eq. (64) remains 
also valid for the incompressible regime. The cor-
respondence between the perturbations of the re-
gime A and I enables us to compare the stability of 
A and I for cases a and b. 

Case a. ((5)tube = 0.) The suppositions required 
for the application of theorem 3 are satisfied for the 
values of the parameters under consideration. Hence: 
the regimes A and I are both stable or both unstable 
for the parameters considered. = bW\ for the 
minimized energy integrals.) 

Case b. ( (s) t u be ^ 0.) The suppositions required 
for the application of theorem 3 are not satisfied for 
the parameters considered. Then, from theorem 2 
we have still the less strong statement dlV\ ^ SW\ 
(minimized energy integrals) for the values of the 
parameters under consideration. 

THEOREM 4 . 
COMPARISON OF STABILITY FOR MAGNETOSTATIC 

EQUILIBRIA WITH d W y = 0 INDEPENDENT OF IN 

a. If div ? can be chosen arbitrarily (i. e. if 
(^)tube = for certain values of the parameters 
characterizing the perturbations, then the incom-
pressible (non-adiabatic) and the adiabatic (com-
pressible) regimes are both stable or both unstable 
for the values of the parameters considered. 

b. If div ? cannot be chosen arbitrarily (i. e. if 
is)tube ^ Q) for certain values of the parameters 
characterizing the perturbations, while, however, 
these values can be approached infinitely close by 
the values of parameters characterizing perturba-
tions for which div ? can be chosen arbitrarily 

tube = then the adiabatic and the incom-
pressible regimes are both stable or both unstable 
for the values of the parameters considered. 

COROLLARY 

If all the values of the parameter belong either to 
part a or to part b of theorem 4, then 

a. the adiabatic and the incompressible regimes 
are both stable or both unstable (irrespective of the 
parameters considered) ; 

b. it is sufficient to consider only perturbations 
for which (s ) tube = 0 and for which div ? = 0 in 
order to decide whether the equilibrium is stable or 
not (in both cases A and I). 

It is clear that the corollary allows a considerable 
simplification in testing the system for stability. The 
suppositions required for the application of the 
corollary are satisfied for the example of the linear 
pinch. This property is related to the infinite exten-
sion of the plasma cylinder (see section 4 .3 ) . It can 
be made plausible that the same property still holds 
for infinitely long plasma tubes of any shape. Hence, 
for infinitely long tubes the regimes A and I are in 
general both stable or both unstable and in order to 
decide whether the equlibrium is stable or not it is 
sufficient to consider only perturbations for which 
( 5 ) tube = 0 and for which div ? = 0. 

Case Constraint 
on div % 

Con-
straint 

on 
minimi-
zation 

Comparison of 
neighbouring 

states 

Comparison 
of regimes 

A and I 

Example: 
linear 
pinch. 

<«>tube = 0 
<5>tube * 0 

no 
yes 

]im<5Jra^<5JFb dWx - dWi 
ÖWA<dWi 

Ic + m p =t= 0 
k + m p = 0 

Table 1. Properties of perturbations. This 
table is the summary of the results of sec-
tion 4.1, which analyses the constraint 
(s)tube = 0. s = div\ — div , <3 W stands 
for the minimized energy integral and p is 

2 71 divided by the pitch. 



The results of the whole section 4.1 are summa-
rized in Table 1, together with the application to 
the linear pinch. 

4.2. Restrictive Condition ( s ) s h e i i = 0 

The preceding case b may be further analysed 
in an entirely analogous way as in the preceding 
section 4.1. Denoting by (-X") shell the average value 
of any quantity X over a shell between two neigh-
bouring pressure surfaces, we have 

f s dr 
/ \ _ she11 _ _ Js! Vp r 1 d ö 
\ 5 / s h e l l ~~ r — f | Y 7 r , l - i / dr 

shell 
/ | Vp I"1 do (65) 

Taking the average of Eq. (37) over a pressure 
shell we obtain the restrictive condition 

(s)shell = 0 . ( 6 6 ) 

As is explained in detail by NEWCOMB 10, (.s}tube = 0 
implies (s)sheii = 0 on every pressure shell, even 
on ergodic surfaces. Hence (s)tube = 0 implies 
(s)shell = 0 ("identically fulfilled" has to be under-
stood in an analogous way as explained in section 
4 .1 . ) . 

Classification: (Ä)shell = 0 or (5)shell ^ 0 • 

When (s) tube ^ 0> two cases a and b may occur, 
similar to the cases a and b of section 4.1. 

a. {s}Sheii = 0- The condition (s ) shell = 0 is iden-
tically fulfilled with respect to the variables d i v ? x 
and ? p for certain specific perturbations. ? p is the 
component of ? perpendicular to the pressure (or 
magnetic) surfaces. Following an analogous argu-
ment as in section 4.1, this means that 

2 s i { y i ) s hell = 0 ( 6 7 ) 
i 

for arbitrary s, , leading to 

< V i ) Aell = 0 ( 6 8 ) 
Eq. (68) may be satisfied for a set of labels i, a, ß 
characterizing perturbations for which (s)shell = 0. 

b. (s)shell ^ 0. Then Eq. (68) is not satisfied for 
a set of labels i, a, ß complementary to the set con-
sidered under a. (s)Sheii = 0 leads to 

(d iv ? } s h e l l = (d iv ? i ) shell = (d iv ? p ) s h e i i . ( 6 9 ) 

The last equality does imply a restriction on the free 
choice of ( d i v ? 1)tube when ? p is supposed to be 
known. In order to compare the conditions (42) and 
(66) we remark that ( s ) t u b e = 0 on every tube p, ß 
is equivalent with the set of equations 

shell " 0 . 71 = 0 , 1 , 2 , . . . , (70) 

where fn(p, ß) are a complete set of independent 
functions which are constant on a flux tube (p, ß). 
Each index n characterizes a perturbation for which 
(•Otube^O. Taking / 0 constant, the perturbation 
characterized by (s)shell = 0 is just the one charac-
terized by the index n — 0. Hence, for perturbations 
for which ( s ) shell ^ 0, ( s ) shell = 0 is the only con-
straint. 

Example of the Linear Pinch 

We illustrate the occurrence of the two cases a 
and b by considering again the diffuse linear pinch. 
The surfaces of constant pressure are circular cylin-
ders r = constant. The average over these surfaces 
may be taken over one period in the z-direction. 

a. (s)Sheii — 0- In view of Eq. (49) (s)Sheii is 
zero for arbitrary values of Sh,m provided that 

h or m + 0 . (71) 

This condition is obviously fulfilled if 

JcrBz + mBv + 0 

as it should be. Eq. (71) defines a subset of para-
meters k, m belonging to the set k r Bz + m Bv = 0. 

b. (s)sheii ^ 0. (s)sheii is not identically zero un-
less 

k = m = 0 (72) 

which defines the set complementary to the set of a. 
The restrictive condition on div?j_ from requiring 
(s)shel l = 0 is 

( * v 5 i ) M - ( £ - + T ) „ . „ ( 7 3 ) 

which is contained in Eq. (55) as it should be. Note 
that the requirement (.s)sheii = 0 is equivalent to the 
requirement ( s ) tUbe = 0 for k = m = 0. 

Minimization of the Energy Integral 

The minimized form of bW with respect to £|| (or 
with respect to the new variable d i v ? ) is 

bW= fyp( d i v ? i > L b e d T + <5ry = 0 ( ? l , ? l ) (74) 

which contains indeed only ? j _ , not £|| . As (s)shell 
= 0 is the only constraint for the perturbations con-
sidered, it is sufficient to introduce a Lagrange mul-
tiplier a on every pressure shell. A similar deriva-
tion as for case b of section 4.1 gives us the Euler 
equation (59) where a (or dp) is now a function 
of p only. Hence, div ? is not only constant on every 
flux tube but even on every pressure shell and from 



Case Constraint on 
< d i v ? > t U b e 

a < s > s h e l l = 0 
b < 5 > s h e l l * 0 

Constraint on 
minimization 

Comparison of 
neighbouring 

states 

Example: 
linear pinch 

no 
yes 

lim<5IFa^<5JFb k or m 4= 0 
k = m = 0 

Table 2. Properties of perturbations for 
which <s)tube ^ 0. This table is the sum-
mary of the results of section 4.2 which ana-
lyses the constraint (s)shell = 0. 5 = div? 
— div ? x , stands for the minimized 

energy integral. 

{s)shell = 0 w e obtain 
d i v ? = ( d i v ? i ) t u b e = (div 5p) 8heii. (75) 

The last equality implies an additional constraint on 
? 1 . The limit of the minimum dW^ is obtained by 
minimizing dW from Eq. (74) further with respect 
to ? i by taking into account the constraint (75 ) , 
while the minimum is obtained without con-
straint. Hence 

lim <5ra dWh (76) 

for the values of the parameters under considera-
tion. Repeating an analogous reasoning as in section 
4.1 it is clear that Eq. (76) is also valid for the in-
compressible regime. If one is only interested in 
stability it is only necessary to consider case a. 

The results of this section, together with the ex-
ample of the linear pinch, are summarized in Table 2. 

4.3. Illustration: The Linear Pinch 

We illustrate the preceding analysis of sections 
4.1 and 4.2 explicitly for a particular equilibrium 
configuration: the diffuse linear pinch with a mag-
netic field given by Eq. (48) . 

Classification of the Perturbations 

As case 1 b of section 4.1 is divided in the two 
cases 2 a and 2 b in section 4.2 we have to consider 
three distinct cases: 
la: kr Bz + m + 0 
l b : | 2 a: k r Bz + m Bv = 0 but k 4= 0 or m 4=0 

I 2 b : k = 0 and m = 0 
(77) 

The case 2 a can only occur for constant pitch. Cases 
1 a and 2 b occur whether the pitch is constant or 
not. Cases 1 a and 2 b were treated by NEWCOMB 11. 
Case 2 a is considered in a later article by TAY-
LER 1 2 . 

Minimization of the Energy Integral 

After minimization with respect to and £ 2 , 
ö W can be brought in the form 

12 R. J. TAYLER, Plasma Phys., J. Nucl. Energy Part C 3, 266 
[1961]. In this article an external potential is taken into 
account. 

mtr,£r)= inf(P£/2 + 2Q$r'tr/r 
+ R £r2/r2) r dr (78) 

where surface terms are supposed to vanish. 
To arrive at this form, we need two Euler equa-

tions in case 1 a. For one of these Euler equations 
one can take d iv? = 0. This agrees with a result of 
NEWCOMB 11 [his Eq. ( 1 3 a ) ] . In case 2 a, as there 
is one constraint, there remains only one Euler equa-
tion with respect to and £z which reads (see 
TAYLER 1 2 ) : 

d i v ? = 2 Bv2Zr/(B* + yp) r . (79) 

Eq. (79) shows that div ? is in general non-zero, 
in agreement with the general treatment. In case 2 b, 
since there are two constraints, there remains no 
Euler equation with respect to £v and . div ? is 
now equal to £ / + £r/r. Except for the case £r = 0, 
we see here also that div ? is non-zero for physical 
perturbations. 

As a consequence of the difference in Euler equa-
tions, the coefficients P, Q and R of Eq. (78) have 
a different structure in each of the three cases; they 
are listed in Table 3. They are chosen so that the 
derivatives of the equilibrium quantities do not oc-
cur in them. This has the advantage that the sign of 
each term occuring in P, Q and R is well-known. 

Comparison Between the Three Cases 

Due to the fact that k varies continuously (and 
this relies on the infinite extension of the cylinder), 
the conditions characterizing case 1 a (respectively 
2 a) may approach infinitely close to the conditions 
characterizing cases 1 b (respectively 2 b ) . Hence 
we can compare one case with another one taken for 
the corresponding limiting condition. 

Although m takes only integer values physically 
the following inequalities are derived for all real 
values of m. This may be of interest for constructing 
other useful inequalities 13. 

13 The same remark may apply to the fc-values of a torus. In 
a torus k takes only discrete values. However, from the sta-
bility for "mathematical" /c-values in the vicinity of the 
physical ones, it may be possible to deduce stability for the 
latter ones. 



R 

l a 
krBz + mBv 4= 0 

2 a 
krBz + mBv> = 0 
k or m 4= 0 

2 b 
k = m = 0 

(k rBz-\- m B<p)2 

k2 r2 + m2 

B2 + yp 

k2r2B2 

&2 r2 + w2 

£2
2 + 

{krBz-mB<ff 
k2 r2 + m 2 

45 4 
2 Bi— m 

+ (krBz + mB<p)2-2B% 

B2+yp 

B\ - B\ + yp 

Table 3. Different forms of <5 W for the linear pinch. The coefficients appearing in Eq. (78) are listed for the three cases dis-
tinguished by Eqs. (77) . The minimized energy integral is dW=% rr / ( P £ / 2 + 2 Q £r/r+R fr2/7"2) r dr, 

Discontinuity Between Cases l a (k + m ju-*- 0 ) and 2 a (k + mju = 0) 

The comparison deals with magnetic fields of constant pitch. From Table 3 we obtain 

<3r2a = lim SJFla + 2 + dr ^ lim dWu . 

Hence a linear pinch of constant pitch 14 2 nj/bi is stable for k= —m n if it is stable for k-

(80) 

m ju. 

Discontinuity Between Cases l a (k—> 0, m - ^ - 0 ) and 2 b (A: = 0, m = 0) 

Putting q = lim k/m as k —> 0 and m —>• 0, we obtain from Table 3 

SJF2b = lim ÖWU + f J j y p(t/ + Zr/r)2 + -Bzgr' + Srlr)]* 
+ 1 r dr ^ lim ÖWl& . (81) 

Hence a linear pinch is stable for k = 0, m = 0 if it is stable for k —> 0, m —> 0. For integer m we have 
to put first m = 0 and then let k-> 0, which corresponds to q= oo. Then Eq. (81) reduces to an inequality 
derived by NEWCOMB 11 [his Eq. ( 2 2 ) ] . We point out, however, that Eq. (81) is not valid for fields of 
constant pitch 2 NJJU for which q + JLI = 0, which will be treated in the following paragraph. 

Discontinuity Between Cases 2 a (k + mju = 0, k-^-0, m-*- 0) and 2 b (& = 0, m = 0) 

The comparison deals with fields of constant pitch. From Table 3 we obtain 

(5r 2 b = l im<5r 2 a + \(B2 + yp) t / + 1 -
2 B„ 

B2+yp> 
) ^ l 2 r dr ^ lim c5r2a . (82) 

Hence a linear pinch of constant pitch is stable for 
k = 0, m = 0 if it is stable for k + m ju = 0, k—> 0, 
m—>0. For integer m, where we have to put m = 0 
first and then let k - > 0, the comparison deals only 
with purely transverse fields (Bz = 0, B v 4= 0 ) . 

The three equations (80) — (82) which hold for 
every trial function £r will hold as well for the com-
pletely minimized energy integrals. This confirms 
and illustrates the general treatment. The three in-
equalities (80) — (82) allow considerable simplifi-
cation in testing the pinch for stability. If we wish 
to find out whether a specified pinch is stable for all 

14 A field of constant pitch surrounding the central plasma 
column was studied experimentally by S. A. COLGATE, J. 
P. FERGUSON, H. P. FURTH, and R . E. WRIGHT, Proc. 2nd 
UN Intern. Conf. PUAE 32, 140 [1958] in the case of a 

values of k and m, we need only to examine case 1 a 
(kr Bz + mBy^O). This holds as well for variable 
as for constant pitch. As dJV(£;r,£r) is independent 
of y in case 1 a, the stability criteria will be indepen-
dent of y. 

Analysis of the Incompressible Regime 

The conditions (77) define also the three cases in 
the incompressible regime. The Eqs. (80) — (82) 
remain valid if oo, Eqs. (81) and (82) in a 
trivial way. Indeed, if k = m = 0 or k —> 0, m —> 0, 
the condition div 0 becomes ( £ / -f £r/r)o, o = 0, 

linear pinch and more recently by the group working in 
Jutphaas (the Netherlands) in the case of a toroidal pinch 
(Novosibirsk Proc. 3rd IAEA Conf. on Plasma Physics and 
Controlled Nuclear Fusion, Res. Paper B 10). 



and the only non-singular solution (£r)o, o is the tri-
vial solution o,o = 0? which implies <5W = 0. 
and are not necessarily zero.) Eqs. (81) and (82) 
become now: 

<5r2b = l im<$r l a = lim<5r2a = 0 . (83) 

Letting y—> oo (in accordance with the basic lemma) 
in Eq. (80) we have 

bW2a = lim 6Wlt + 2 * J V * * d r 

^ l i m b W H . (84) 

Hence, if we wish to find out whether a pinch (of 
constant pitch or not) is stable for incompressible, 
non-adiabatic perturbations, we need only to ex-
amine case la (k r Bz + m Bv + 0), just as for the 
adiabatic regime. 

Comparison Between the Regimes A and I 

As y does not occur in case 1 a we obtain from 
Table 2 

ÖWA = dW l (85) 

where bW is the lowest minimum for both regimes. 
As a consequence, we obtain theorem 5 a. 
We remind the reader that the reason for the 

equality (85) is due to the fact that d i v ? = 0 in 
both regimes. This is not so in case 2 a: d iv ? is in 
general non-zero for regime A [see Eq. ( 7 9 ) ] . Note 
however that letting y—> oo in Eq. (79) we have 
div ? —> 0 automatically. Putting y = oo to get the 
regime I, we obtain from Table 3, for case 2 a: 

bWI = bWA + 2n§ B2B*27p ~ dr ^ bWx . (86) 

The inequality (86) holds in spite of the fact that 
bJVi<bW\ for the unminimized energy integrals 
with the same perturbation ? at both sides of the 
inequality. This gives a good illustration of theo-
rem 3. 

We conclude this section 4.3: 

T H E O R E M 5 . 
C O M P A R I S O N OF STABILITY FOR THE L I N E A R P I N C H 

a. For a linear pinch, the adiabatic and the in-
compressible (non-adiabatic) regimes are both stable 
or both unstable. 

b. In testing the linear pinch for stability it is suf-
ficient in both the adiabatic and the incompressible 
(non-adiabatic) regimes to examine perturbations 
for which div ? = 0 and k r Bz + m Brp + 0. 

Theorem 5 b extends theorem 1 of NEWCOMB 11 

to include the incompressible, non-adiabattic regime 
and also to include the equilibrium configurations 
of constant pitch. Theorem 5 results directly frum 
theorem 4 when applied to the linear pinch. In-
deed, the linear pinch is one of the examples of an 
infinitely long tube for which the conditions requir-
ed for the applicability of the corollary of theo-
rem 4 are fulfilled. The results of this section 4.3 
are also summarized in Tables 1 and2. 
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